
problems in probability with solutions
problems in probability with solutions provide a foundational understanding
of how to calculate the likelihood of various events occurring. Probability
theory is an essential branch of mathematics that deals with uncertainty and
randomness, making it crucial in fields such as statistics, finance,
engineering, and everyday decision-making. This article explores a range of
common and complex problems in probability with solutions, designed to
enhance comprehension and application skills. By examining different types of
probability problems—from basic coin tosses to advanced conditional
probabilities—readers can develop a robust problem-solving approach. Each
section emphasizes clear explanations and step-by-step solutions to ensure
clarity. Additionally, this guide incorporates various techniques, including
combinatorial analysis and probability laws, to tackle diverse scenarios. The
article concludes with detailed examples that reinforce theoretical concepts
and practical methods.
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Basic Probability Problems and Solutions
Basic probability problems introduce fundamental concepts such as calculating
the probability of single events, complementary events, and independent
events. These problems typically involve simple experiments like coin tosses,
dice rolls, or drawing cards from a deck. Understanding these problems is
critical for building a strong foundation in probability theory.

Calculating Simple Event Probabilities
Simple probability involves finding the likelihood of a single event
occurring out of all possible equally likely outcomes. The formula used is:

Probability of event A = (Number of favorable outcomes) / (Total number of
possible outcomes)

For example, the probability of rolling a 4 on a fair six-sided die is 1/6
because there is one favorable outcome and six possible outcomes.



Complementary Events
The probability of the complement of an event (the event not occurring) is
given by:

P(not A) = 1 – P(A)

This principle helps solve problems where it is easier to calculate the
complement than the event itself. For instance, the probability of not
rolling a 4 on a fair die is 5/6.

Example Problem and Solution
Problem: What is the probability of drawing an ace from a standard deck of 52
cards?

Solution: There are 4 aces in the deck. Thus, the probability is 4/52 = 1/13.

Conditional Probability and Bayes’ Theorem
Conditional probability measures the likelihood of an event occurring given
that another event has already occurred. Bayes’ theorem is a powerful tool
that allows updating probabilities based on new evidence, widely used in
diagnostics, machine learning, and decision analysis.

Understanding Conditional Probability
The conditional probability of event A given event B is denoted as P(A|B) and
calculated as:

P(A|B) = P(A ∩ B) / P(B)

This formula is critical when events are dependent, meaning the occurrence of
one affects the probability of the other.

Bayes’ Theorem Explained
Bayes’ theorem relates conditional probabilities and is expressed as:

P(A|B) = [P(B|A) × P(A)] / P(B)

This theorem allows recalculating the probability of A based on the new
information B.

Example Problem and Solution
Problem: A test for a disease is 99% accurate. If 0.5% of the population has
the disease, what is the probability that a person who tested positive
actually has the disease?



Solution: Using Bayes’ theorem:

P(Disease) = 0.0051.

P(No Disease) = 0.9952.

P(Positive|Disease) = 0.993.

P(Positive|No Disease) = 0.014.

Calculate P(Positive):

P(Positive) = P(Positive|Disease) × P(Disease) + P(Positive|No Disease) ×
P(No Disease) = (0.99)(0.005) + (0.01)(0.995) = 0.0149

Then, apply Bayes’ theorem:

P(Disease|Positive) = (0.99 × 0.005) / 0.0149 ≈ 0.3322 or 33.22%

Probability with Combinatorics
Combinatorial methods are essential for solving probability problems
involving counting arrangements or selections. These problems typically
require calculating permutations and combinations to determine the number of
favorable outcomes.

Permutations and Combinations
Permutations refer to arrangements where order matters, while combinations
refer to selections where order does not matter. The formulas are:

Permutations of n items taken r at a time: P(n, r) = n! / (n – r)!

Combinations of n items taken r at a time: C(n, r) = n! / [r! (n – r)!]

These formulas help calculate total outcomes in complex probability problems.

Example Problem and Solution
Problem: What is the probability of drawing 2 kings from a deck of 52 cards
without replacement?

Solution: Number of ways to choose 2 kings: C(4, 2) = 6

Total number of ways to choose any 2 cards: C(52, 2) = 1326

Probability = 6 / 1326 ≈ 0.00452 or 0.452%



Continuous Probability Distributions
Continuous probability problems deal with random variables that can take on
any value within an interval. These problems often involve probability
density functions (PDFs) and cumulative distribution functions (CDFs).

Understanding Probability Density Functions
A PDF describes the relative likelihood of a continuous random variable
taking a specific value. The probability that the variable falls within an
interval is the area under the PDF curve over that interval. Since exact
values have zero probability, intervals are considered instead.

Example Problem and Solution
Problem: A random variable X has a uniform distribution between 0 and 10.
What is the probability that X is between 3 and 7?

Solution: For a uniform distribution, the PDF is constant:

f(x) = 1 / (b – a) = 1 / (10 – 0) = 0.1

Probability = (7 – 3) × 0.1 = 4 × 0.1 = 0.4 or 40%

Common Probability Paradoxes and Their
Resolutions
Probability paradoxes often arise from intuitive misunderstandings or
counterintuitive results. Recognizing and resolving these paradoxes is
important for deepening one’s grasp of probability theory and avoiding common
pitfalls.

Monty Hall Problem
The Monty Hall problem illustrates how conditional probability can defy
initial intuition. A contestant chooses one of three doors, behind one of
which is a prize. After the initial choice, the host opens a door revealing
no prize, and the contestant has the option to switch. The paradox lies in
whether switching improves chances.

Resolution
Switching doors increases the probability of winning from 1/3 to 2/3 because
the host’s action of opening a door provides additional information, altering
the probabilities.



Birthday Paradox
The birthday paradox demonstrates that in a group of just 23 people, there is
over a 50% chance that at least two people share the same birthday. This
often surprises people due to its counterintuitive nature.

Resolution
The paradox arises from the large number of possible pairs in a group, making
shared birthdays more likely than expected. It is solved by calculating the
probability that all birthdays are different and subtracting from 1.

Frequently Asked Questions

What is the probability of getting exactly 2 heads
in 3 coin tosses?
The total number of outcomes when tossing a coin 3 times is 2^3 = 8. The
number of ways to get exactly 2 heads is C(3,2) = 3. Therefore, the
probability is 3/8.

How do you find the probability of drawing 2 aces
from a standard deck of 52 cards without
replacement?
The probability of drawing the first ace is 4/52. After drawing one ace, 3
aces remain and 51 cards remain total. Hence, the probability of the second
ace is 3/51. The combined probability is (4/52) * (3/51) = 1/221.

What is the probability of rolling a sum of 7 with
two six-sided dice?
Total possible outcomes when rolling two dice are 6 * 6 = 36. The pairs that
sum to 7 are (1,6), (2,5), (3,4), (4,3), (5,2), (6,1), totaling 6. Thus, the
probability is 6/36 = 1/6.

How to solve the probability that at least one event
occurs, given two independent events A and B?
The probability that at least one of the events occurs is P(A ∪ B) = P(A) +
P(B) - P(A)P(B), since they are independent. Use this formula to calculate
the probability.



What is the probability of getting no fixed points
in a random permutation of 3 elements (derangement
problem)?
The number of derangements of 3 elements is 2. Total permutations are 3! = 6.
Therefore, the probability is 2/6 = 1/3.

How do you calculate the probability of drawing a
red ball from a bag containing 5 red and 7 blue
balls?
Total balls = 5 + 7 = 12. Probability of drawing a red ball is number of red
balls divided by total balls, so 5/12.

What is the probability that two randomly chosen
people share the same birthday in a group of 23?
Using the birthday paradox, the probability that no two share a birthday is
approx 0.4927, so the probability that at least two people share a birthday
is 1 - 0.4927 = 0.5073 or about 50.73%.

How to find the probability of drawing a full house
in a 5-card poker hand?
Number of full house hands = 13 (choose rank for three cards) * C(4,3) * 12
(choose rank for pair) * C(4,2) = 3744. Total 5-card hands = C(52,5) =
2,598,960. Probability = 3744 / 2,598,960 ≈ 0.00144.

What is the probability that a randomly chosen
number between 1 and 100 is divisible by 3 or 5?
Numbers divisible by 3: 33, by 5: 20, by both 15: 6. Using inclusion-
exclusion: 33 + 20 - 6 = 47. Probability = 47/100 = 0.47.

How to solve problems involving conditional
probability, for example, P(A|B)?
Conditional probability P(A|B) = P(A ∩ B) / P(B), provided P(B) > 0. Identify
the intersection probability and the probability of event B to compute
P(A|B).

Additional Resources
1. Introduction to Probability by Dimitri P. Bertsekas and John N. Tsitsiklis
This book offers a clear and comprehensive introduction to probability



theory, emphasizing problem-solving techniques. It includes numerous examples
and exercises with detailed solutions, making it ideal for self-study. The
authors focus on intuitive explanations alongside rigorous mathematics,
helping readers build a strong foundation in probability.

2. Probability and Statistics Problems and Solutions by Asimow and Maxwell
A classic collection of problems designed to deepen understanding of
probability and statistics concepts. Each problem is accompanied by a full
solution, facilitating independent learning. The text covers a broad spectrum
of topics, from basic probability to more advanced statistical methods.

3. One Thousand Exercises in Probability by Geoffrey Grimmett and David
Stirzaker
This extensive problem book contains a wide variety of exercises ranging from
elementary to challenging levels. Each problem is followed by a detailed
solution or hints to guide students through the reasoning process. It's an
excellent resource for those preparing for exams or looking to sharpen their
problem-solving skills.

4. Problems in Probability by T. Bonnesen and L. Fenchel
Focused on classical probability problems, this book presents a curated
selection of exercises with comprehensive solutions. It is particularly
useful for readers interested in geometric probability and measure-theoretic
approaches. The clear explanations make complex ideas accessible to advanced
undergraduates and graduate students.

5. Probability Problems and Solutions by A. N. Shiryayev
A rigorous collection of probability problems designed to challenge and
develop advanced probabilistic thinking. The solutions are detailed and often
include multiple methods, offering insight into different approaches. This
book is suited for graduate students and researchers looking to deepen their
understanding of probability theory.

6. Understanding Probability: Problems and Solutions by Henk Tijms
This text combines theory with a practical approach by presenting problems
that illustrate key probability concepts. Each problem is solved step-by-
step, providing clear explanations and methods. Ideal for both beginners and
intermediate learners, it helps build confidence in tackling probability
questions.

7. Exercises in Probability by Lajos Takács
Containing a carefully selected set of problems with solutions, this book
emphasizes applications in stochastic processes and renewal theory. The
problems vary in difficulty, encouraging readers to develop both
computational skills and theoretical understanding. It is a valuable resource
for students in applied mathematics and related fields.

8. Probability and Random Processes: Problems and Solutions by Geoffrey
Grimmett and David Stirzaker
This companion volume to the authors’ main textbook offers a rich collection
of problems with complete solutions. Covering topics from basic probability



to random processes, it supports a thorough grasp of the material. The book
is well-suited for self-study and courses in probability and stochastic
processes.

9. Probability through Problems by Marek Capinski and Ekkehard Kopp
Designed as a problem-based introduction to probability, this book presents
numerous exercises with solutions that build intuition and analytical skills.
The problems range from straightforward calculations to more conceptual
challenges. It is particularly helpful for students encountering probability
for the first time or preparing for examinations.
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