
measure and integral an introduction to
real analysis
Measure and integral are foundational concepts in real analysis, providing the tools
necessary to rigorously understand and quantify the notions of size and accumulation.
They extend the intuitive ideas of length, area, and volume to more abstract sets and
functions. This article delves into the principles of measure theory and integration,
exploring their significance in mathematics and the broader implications for various fields,
including probability theory, statistics, and functional analysis.

1. Introduction to Measure Theory

Measure theory is a branch of mathematical analysis that studies how to assign a size or
measure to subsets of a given space. Unlike traditional notions of length or area, measure
theory accommodates more complex sets, allowing mathematicians to deal with concepts
such as infinite sets and irregular shapes.

1.1 The Concept of a Measure

At the core of measure theory lies the concept of a measure. A measure is a function that
assigns a non-negative real number or infinity to subsets of a given space, satisfying
specific properties. The most common properties of a measure \( \mu \) include:

1. Non-negativity: For any set \( A \), \( \mu(A) \geq 0 \).
2. Null empty set: The measure of the empty set is zero: \( \mu(\emptyset) = 0 \).
3. Countable additivity (σ-additivity): For any countable collection of disjoint sets \( \{A_i\}
\),
\[
\mu\left(\bigcup_{i=1}^{\infty} A_i\right) = \sum_{i=1}^{\infty} \mu(A_i).
\]

These properties ensure that measures behave in a way that aligns with our intuitive
understanding of size.

1.2 Types of Measures

Several types of measures cater to different mathematical contexts:

- Lebesgue Measure: This is the most commonly used measure in real analysis, extending
the notion of length to more complex sets in \( \mathbb{R}^n \). It allows for the
integration of a broader class of functions.
- Counting Measure: This assigns to each set the number of elements in it. For finite sets,



the measure equals the number of elements, while for infinite sets, it is infinite.
- Probability Measure: A measure that assigns probabilities to events in a probability
space. It satisfies the properties of a measure, but the total measure (or probability)
equals one.

2. Introduction to Integration

Integration is a fundamental concept in calculus and analysis, representing the
accumulation of quantities. In real analysis, integration is more sophisticated, as it must
address the properties of functions and the spaces they inhabit.

2.1 The Riemann Integral

The Riemann integral is the classical approach to integration, defined through the notion
of limits of Riemann sums. For a function \( f \) defined on a closed interval \([a, b]\), the
Riemann integral is defined as follows:

- Partition the interval into \( n \) subintervals.
- Choose a sample point \( x_i^ \) in each subinterval.
- Construct the Riemann sum:
\[
S_n = \sum_{i=1}^{n} f(x_i^) \Delta x_i,
\]
where \( \Delta x_i \) is the width of the \( i \)-th subinterval.
- The integral is defined as:
\[
\int_a^b f(x) \, dx = \lim_{n \to \infty} S_n,
\]
if this limit exists.

While the Riemann integral works well for continuous functions, it struggles with
functions that exhibit discontinuities or irregular behavior.

2.2 The Lebesgue Integral

The Lebesgue integral offers a more robust framework for integration, particularly useful
for handling functions that are not well-behaved. The Lebesgue integral is defined in
terms of measures and is particularly suited for functions defined on measurable spaces.

- Definition: For a measurable function \( f: X \to \mathbb{R} \) and a measure \( \mu \),
the Lebesgue integral is defined as:
\[
\int_X f \, d\mu = \int_{-\infty}^{\infty} x \, d\mu_f(x),
\]
where \( \mu_f \) is the measure induced by the function \( f \).



3. The Relationship Between Measure and
Integration

The concepts of measure and integration are intimately linked. The Lebesgue integral is
fundamentally built on the framework of measure theory, allowing it to handle a wider
class of functions and sets than the Riemann integral.

3.1 Properties of the Lebesgue Integral

The Lebesgue integral possesses several important properties that make it advantageous
for analysis:

- Linearity: For any measurable functions \( f \) and \( g \) and constants \( a \) and \( b \):
\[
\int (af + bg) \, d\mu = a \int f \, d\mu + b \int g \, d\mu.
\]
- Monotonicity: If \( f \leq g \) almost everywhere, then:
\[
\int f \, d\mu \leq \int g \, d\mu.
\]
- Fatou's Lemma: For a sequence of non-negative measurable functions \( f_n \):
\[
\int \liminf_{n \to \infty} f_n \, d\mu \leq \liminf_{n \to \infty} \int f_n \, d\mu.
\]

3.2 Dominated Convergence Theorem

One of the most powerful results in measure theory and integration is the Dominated
Convergence Theorem, which states that if \( f_n \) converges pointwise to \( f \) and is
dominated by an integrable function \( g \) (i.e., \( |f_n| \leq g \)), then:
\[
\int f_n \, d\mu \to \int f \, d\mu.
\]
This theorem is crucial for interchanging limits and integrals, facilitating analysis in
various applications.

4. Applications of Measure and Integration

The concepts of measure and integration are not only foundational in pure mathematics
but also have extensive applications across multiple disciplines.



4.1 Probability Theory

In probability theory, measure theory provides a rigorous framework for defining
probabilities. Events are modeled as measurable sets, and probability measures assign
likelihoods to these events, making it possible to develop statistical methods and
inferential statistics.

4.2 Functional Analysis

In functional analysis, integration and measure theory play a pivotal role in the study of
function spaces. The concepts of convergence, continuity, and boundedness are often
defined in terms of integrals and measures, leading to profound results in the theory of
Banach and Hilbert spaces.

4.3 Real-World Applications

Beyond theoretical implications, measure and integration have practical applications,
including:

- Economics: Modeling consumer behavior and utility functions.
- Physics: Analyzing phenomena such as fluid dynamics and heat transfer, where
integration over continuous domains is essential.
- Engineering: Signal processing, where Fourier transforms rely on integrals over complex
functions.

5. Conclusion

In summary, measure and integral are essential components of real analysis that provide a
rigorous framework for understanding size, accumulation, and continuity in mathematics.
By extending traditional concepts of length and area to more abstract and complex sets,
measure theory enables the integration of a broad class of functions. The Lebesgue
integral, grounded in measure theory, offers powerful tools for analysis, with far-reaching
implications across mathematics and its applications in various fields. Understanding
these concepts not only enriches one's mathematical knowledge but also equips one with
the necessary tools to tackle real-world problems where quantifying size and change is
crucial.

Frequently Asked Questions

What is the primary focus of 'Measure and Integral: An



Introduction to Real Analysis'?
The book primarily focuses on the concepts of measure theory and integration, providing a
rigorous foundation for understanding real analysis.

How does the book introduce the concept of a sigma-
algebra?
The book introduces a sigma-algebra as a collection of sets that is closed under countable
unions and complements, essential for defining measures.

What is the difference between Lebesgue measure and
Riemann integral as discussed in the book?
Lebesgue measure extends the idea of length to more complex sets and allows for the
integration of a broader class of functions than the Riemann integral, which is limited to
continuous functions on closed intervals.

What role do measurable functions play in the context
of this book?
Measurable functions are central to measure theory as they are functions for which pre-
images of measurable sets are also measurable, allowing for the integration of such
functions.

Can you explain the concept of convergence in the
context of integration as presented in the book?
The book discusses several modes of convergence, including pointwise and uniform
convergence, and how they relate to the interchange of limits and integrals, which is
crucial for the Lebesgue Dominated Convergence Theorem.

What is the significance of the Dominated Convergence
Theorem in real analysis?
The Dominated Convergence Theorem provides conditions under which the limit of an
integral can be exchanged with the integral of a limit, making it a powerful tool for
evaluating integrals of sequences of functions.

How does the book address the concept of measure on
arbitrary sets?
The book discusses the extension of measures to arbitrary sets through Carathéodory's
criterion, which helps to define measures on more complex sets beyond simple intervals.



What is the purpose of studying the properties of
Lebesgue integrable functions?
Studying Lebesgue integrable functions helps to understand the completeness of the
Lebesgue integral and its properties, which are vital for developing further topics in
analysis, such as functional analysis.
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