
linear algebra eigenvalues and
eigenvectors
linear algebra eigenvalues and eigenvectors are fundamental concepts in the field of
linear algebra that play a critical role in various applications across science, engineering,
and data analysis. Understanding eigenvalues and eigenvectors is essential for solving
systems of linear equations, performing matrix decompositions, and analyzing linear
transformations. This article provides a comprehensive overview of these concepts,
including their definitions, properties, methods for computation, and practical
applications. It also explores the theoretical background that underpins eigenvalues and
eigenvectors, helping to clarify their significance in both pure and applied mathematics.
Readers will gain insight into how these mathematical tools are used in disciplines such as
physics, computer science, and economics. The discussion will cover characteristic
polynomials, diagonalization, and the spectral theorem, among other key topics. The
following sections outline the main points discussed in this article.

Definition and Basic Concepts

Computing Eigenvalues and Eigenvectors

Properties and Theorems

Applications of Eigenvalues and Eigenvectors

Advanced Topics in Eigenvalue Problems

Definition and Basic Concepts

What are Eigenvalues and Eigenvectors?
In linear algebra, eigenvalues and eigenvectors are defined in the context of square
matrices and linear transformations. Given a square matrix A, an eigenvector is a nonzero
vector v such that when A acts on v, the output is a scalar multiple of v. Formally, this
relationship is expressed as A v = λ v, where λ is a scalar called the eigenvalue
corresponding to the eigenvector v. The eigenvalue represents the factor by which the
eigenvector is scaled during the transformation.

Geometric Interpretation
Eigenvectors can be understood geometrically as directions in the vector space that
remain invariant under the linear transformation represented by matrix A. The



eigenvalues indicate how much the eigenvectors are stretched or compressed. For
example, if an eigenvalue is greater than one, the corresponding eigenvector is stretched;
if it is between zero and one, it is compressed. Negative eigenvalues imply a reflection in
addition to scaling.

Characteristic Equation
The eigenvalues of a matrix are found by solving the characteristic equation, which is
derived from the determinant of the matrix A minus a scalar multiple of the identity matrix
I. The characteristic equation is given by:

det(A - λI) = 0

Solving this polynomial equation for λ yields the eigenvalues of A. Each eigenvalue may
have one or more associated eigenvectors.

Computing Eigenvalues and Eigenvectors

Step-by-Step Computation
Computing eigenvalues and eigenvectors involves several steps that start with forming the
characteristic polynomial. First, calculate the determinant of A - λI. This results in a
polynomial in terms of λ. The roots of this polynomial are the eigenvalues. Once
eigenvalues are found, substitute each eigenvalue back into the equation (A - λI)v = 0 to
solve for the eigenvectors. This step typically involves solving a system of linear equations.

Example Calculation
Consider a 2x2 matrix A:

A = [[4, 1], [2, 3]]

To find the eigenvalues, solve det(A - λI) = 0:

det([[4 - λ, 1], [2, 3 - λ]]) = (4 - λ)(3 - λ) - 2 = λ² - 7λ + 10 = 0

The roots of λ² - 7λ + 10 are λ = 5 and λ = 2. These are the eigenvalues. To find
eigenvectors, substitute λ = 5 into (A - 5I)v = 0 and solve for v. Repeat for λ = 2.

Numerical Methods for Large Matrices
For large matrices, direct computation of eigenvalues and eigenvectors can be
computationally expensive. Numerical algorithms such as the QR algorithm, power
iteration, and Jacobi method are commonly used. These methods approximate eigenvalues
and eigenvectors efficiently, which is essential in fields like machine learning and



scientific computing.

Properties and Theorems

Key Properties of Eigenvalues and Eigenvectors
Eigenvalues and eigenvectors possess several important properties that facilitate their use
in linear algebra and related disciplines:

The sum of the eigenvalues of a matrix equals the trace of the matrix (sum of
diagonal elements).

The product of the eigenvalues equals the determinant of the matrix.

If a matrix is symmetric, all its eigenvalues are real numbers.

Eigenvectors corresponding to distinct eigenvalues of symmetric matrices are
orthogonal.

Diagonalization
A matrix A is diagonalizable if it can be expressed as A = PDP⁻¹, where D is a diagonal
matrix whose diagonal elements are eigenvalues of A, and P is a matrix whose columns are
the corresponding eigenvectors. Diagonalization simplifies many matrix computations,
such as raising matrices to powers and solving differential equations.

Spectral Theorem
The spectral theorem states that any real symmetric matrix can be diagonalized by an
orthogonal matrix. This means that such matrices have a full set of orthonormal
eigenvectors, and their eigenvalues are real. This theorem is foundational in fields like
quantum mechanics and vibration analysis.

Applications of Eigenvalues and Eigenvectors

Principal Component Analysis (PCA)
PCA is a statistical procedure that uses eigenvalues and eigenvectors of the covariance
matrix of a dataset to identify the directions (principal components) that maximize
variance. This technique reduces dimensionality and is widely used in data science and



machine learning for feature extraction and visualization.

Stability Analysis in Systems
In control theory and differential equations, eigenvalues determine the stability of
equilibrium points. If all eigenvalues of the system matrix have negative real parts, the
system is stable. Eigenvectors provide the directions along which the system evolves.

Quantum Mechanics
Eigenvalues correspond to observable quantities like energy levels, while eigenvectors
represent the state vectors of a quantum system. The Schrödinger equation is
fundamentally an eigenvalue problem, making these concepts essential in physics.

Other Applications
Eigenvalues and eigenvectors are also used in:

Google’s PageRank algorithm to rank web pages.

Mechanical engineering for modal analysis of structures.

Economics for analyzing input-output models.

Advanced Topics in Eigenvalue Problems

Generalized Eigenvalue Problem
The generalized eigenvalue problem extends the standard eigenvalue problem to two
matrices A and B, seeking scalars λ and vectors v such that A v = λ B v. This formulation
arises in applications where transformations involve constraints or weighted metrics.

Complex Eigenvalues and Eigenvectors
Not all matrices have real eigenvalues; some have complex eigenvalues and eigenvectors.
This occurs especially in non-symmetric or non-Hermitian matrices. Complex eigenvalues
often arise in systems with oscillatory behavior and are handled using complex vector
spaces.



Jordan Canonical Form
When a matrix is not diagonalizable, it can be transformed into its Jordan canonical form,
which generalizes diagonalization by including Jordan blocks. This form reveals the
structure of eigenvalues and the presence of generalized eigenvectors, providing deeper
insight into the matrix’s behavior.

Frequently Asked Questions

What are eigenvalues and eigenvectors in linear
algebra?
Eigenvalues are scalars associated with a square matrix that indicate how the matrix
stretches or compresses vectors. Eigenvectors are non-zero vectors that only get scaled
(not rotated) when the matrix is applied, satisfying the equation Ax = λx, where A is the
matrix, x is the eigenvector, and λ is the eigenvalue.

How do you find the eigenvalues of a matrix?
To find the eigenvalues of a matrix A, solve the characteristic equation det(A - λI) = 0,
where I is the identity matrix and λ represents the eigenvalues. The solutions λ are the
eigenvalues.

What is the geometric interpretation of eigenvectors?
Eigenvectors represent directions in which a linear transformation acts by stretching or
compressing, without changing the direction of the vector. They indicate invariant
directions under the transformation represented by the matrix.

Why are eigenvalues and eigenvectors important?
Eigenvalues and eigenvectors are fundamental in many applications such as stability
analysis, vibration analysis, facial recognition, principal component analysis (PCA),
quantum mechanics, and differential equations, because they reveal intrinsic properties of
linear transformations.

Can eigenvalues be complex numbers?
Yes, eigenvalues can be complex numbers, especially when the matrix has complex entries
or if the matrix is not symmetric. Complex eigenvalues often occur in pairs of conjugates
for real matrices.

What is the difference between eigenvalues and singular
values?
Eigenvalues are scalars associated with square matrices that satisfy Ax = λx, whereas



singular values are always non-negative real numbers obtained from the singular value
decomposition (SVD) of any matrix, not necessarily square, and represent the magnitude
of stretching along orthogonal directions.

How do eigenvectors relate to diagonalization?
A matrix is diagonalizable if it has enough linearly independent eigenvectors to form a
basis. In this case, the matrix can be expressed as PDP⁻¹, where D is a diagonal matrix of
eigenvalues, and P is the matrix whose columns are the corresponding eigenvectors.

What is the significance of the algebraic and geometric
multiplicity of eigenvalues?
Algebraic multiplicity is the number of times an eigenvalue appears as a root of the
characteristic polynomial, while geometric multiplicity is the dimension of the eigenspace
associated with that eigenvalue. The geometric multiplicity is always less than or equal to
the algebraic multiplicity and determines whether a matrix is diagonalizable.

Additional Resources
1. Introduction to Linear Algebra by Gilbert Strang
This widely acclaimed textbook offers a clear and comprehensive introduction to linear
algebra concepts, emphasizing eigenvalues and eigenvectors. Strang’s approach balances
theory and application, making it accessible for students new to the subject. The book
includes numerous examples and exercises that deepen understanding of matrix
operations and diagonalization.

2. Linear Algebra and Its Applications by David C. Lay
Lay’s book is known for its student-friendly style and practical approach to linear algebra,
focusing extensively on eigenvalues and eigenvectors. It explains key concepts with clarity
and provides real-world applications to illustrate the importance of these topics. The text
is complemented by a variety of problems to reinforce learning.

3. Matrix Analysis by Roger A. Horn and Charles R. Johnson
This advanced text delves deeply into the theory of matrices, including thorough coverage
of eigenvalues and eigenvectors. It is ideal for graduate students and researchers
interested in a rigorous mathematical treatment. The book covers spectral theory, matrix
decompositions, and applications in various mathematical fields.

4. Eigenvalues, Inequalities, and Ergodic Theory by William Parry
Parry’s book explores the role of eigenvalues in ergodic theory and related inequalities. It
provides insight into the interplay between linear algebra and dynamical systems. The text
is suited for readers with a strong mathematical background seeking specialized
knowledge.

5. Applied Linear Algebra and Matrix Analysis by Thomas S. Shores
This book focuses on the practical aspects of linear algebra, with dedicated sections on
eigenvalues and eigenvectors. Shores emphasizes computational techniques and
applications in engineering and science. The material is presented in a way that balances



theory with hands-on problem solving.

6. Linear Algebra Done Right by Sheldon Axler
Axler’s book takes a unique approach by minimizing reliance on determinants and
focusing on eigenvalues from a conceptual standpoint. It is well-regarded for its elegant
proofs and clear exposition, making complex topics more intuitive. The text is ideal for
students who want a deeper theoretical understanding of eigenvectors and eigenvalues.

7. Numerical Linear Algebra by Lloyd N. Trefethen and David Bau III
This text addresses the numerical methods used to compute eigenvalues and eigenvectors
in practical settings. It covers algorithmic strategies, error analysis, and computational
considerations. The book is essential for students and professionals working with large-
scale linear algebra problems.

8. Matrix Computations by Gene H. Golub and Charles F. Van Loan
Golub and Van Loan provide a comprehensive guide to matrix algorithms, including those
for eigenvalue and eigenvector computations. The book is a cornerstone reference for
numerical linear algebra, combining theory with practical implementation. It is highly
recommended for applied mathematicians and computer scientists.

9. Fundamentals of Matrix Computations by David S. Watkins
This book presents a thorough introduction to matrix computations with a strong emphasis
on eigenvalue problems. Watkins covers both the theoretical foundations and algorithmic
techniques, making it suitable for students and practitioners. The text includes numerous
examples to illustrate key concepts and methods.
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