LINEAR ALGEBRA CHANGE OF BASIS

LINEAR ALGEBRA CHANGE OF BASIS IS A FUNDAMENTAL CONCEPT IN LINEAR ALGEBRA THAT INVOLVES TRANSFORMING VECTORS
AND LINEAR TRANSFORMATIONS FROM ONE COORDINATE SYSTEM TO ANOTHER. THIS PROCESS IS ESSENTIAL FOR UNDERSTANDING
HOW DIFFERENT VECTOR SPACES RELATE TO EACH OTHER AND IS WIDELY USED IN VARIOUS MATHEMATICAL AND APPLIED FIELDS
SUCH AS COMPUTER GRAPHICS, ENGINEERING, PHYSICS, AND DATA SCIENCE. THE CHANGE OF BASIS ALLOWS FOR A MORE
CONVENIENT OR INSIGHTFUL REPRESENTATION OF VECTORS AND LINEAR OPERATORS BY EXPRESSING THEM IN DIFFERENT BASES.
THIS ARTICLE WILL EXPLORE THE DEFINITION AND IMPORTANCE OF CHANGE OF BASIS, THE MATHEMATICAL FORMULATION,
METHODS FOR COMPUTING CHANGE OF BASIS MATRICES, AND APPLICATIONS IN SOLVING LINEAR ALGEBRA PROBLEMS.
ADDITIONALLY, IT WILL COVER THE RELATIONSHIP BETWEEN COORDINATE TRANSFORMATIONS AND MATRIX SIMILARITY,
PROVIDING A COMPREHENSIVE UNDERSTANDING OF THIS CRUCIAL TOPIC.

UNDERSTANDING THE CONCEPT oF CHANGE OF BASIS

o MATHEMATICAL FORMULATION oF CHANGE OF BASIS

o CoMPUTING THE CHANGE oF BASIS MATRIX

® APPLICATIONS OF CHANGE OF BASIS IN LINEAR ALGEBRA

CHANGE OF BASIS AND MATRIX SIMILARITY

UNDERSTANDING THE CONCEPT oF CHANGE OF BASIS

THE CONCEPT OF CHANGE OF BASIS IN LINEAR ALGEBRA REFERS TO EXPRESSING VECTORS AND LINEAR TRANSFORMATIONS WITH
RESPECT TO DIFFERENT SETS OF BASIS VECTORS. A BASIS OF A VECTOR SPACE IS A SET OF LINEARLY INDEPENDENT VECTORS
THAT SPAN THE ENTIRE SPACE. SINCE THERE ARE INFINITELY MANY POSSIBLE BASES FOR A VECTOR SPACE, CHANGING FROM ONE
BASIS TO ANOTHER CAN PROVIDE NEW PERSPECTIVES AND SIMPLIFY PROBLEMS.

For EXAMPLE, A VECTOR CAN BE REPRESENTED DIFFERENTLY DEPENDING ON THE CHOSEN BASIS, AND SIMILARLY, THE MATRIX
REPRESENTATION OF A LINEAR TRANSFORMATION VARIES WITH THE BASIS. THE PROCESS OF CHANGING BASIS IS CRUCIAL FOR
TASKS SUCH AS DIAGONALIZING MATRICES, SIMPLIFYING COMPUTATIONS, AND UNDERSTANDING GEOMETRIC INTERPRETATIONS.

WHY CHANGE BAsIS?

CHANGING BASIS IS OFTEN MOTIVATED BY THE NEED TO:

® SIMPLIFY THE REPRESENTATION OF VECTORS OR MATRICES.
® REVEAL INTRINSIC PROPERTIES SUCH AS EIGENVALUES AND EIGENVECTORS.
® FACILITATE COMPUTATIONS IN DIFFERENT COORDINATE SYSTEMS.

o |UNDERSTAND TRANSFORMATIONS IN CONTEXTS LIKE ROTATIONS, REFLECTIONS, AND SCALING.

BAsic TERMINOLOGY

BEFORE DIVING DEEPER, IT IS IMPORTANT TO RECALL SOME KEY TERMS!



VECTOR SPACE: A SET OF VECTORS WHERE VECTOR ADDITION AND SCALAR MULTIPLICATION ARE DEFINED.

BASIS: A LINEARLY INDEPENDENT SET OF VECTORS THAT SPANS THE VECTOR SPACE.
o COORDINATES: THE COMPONENTS OF A VECTOR RELATIVE TO A PARTICULAR BASIS.

® LINEAR TRANSFORMATION: A FUNCTION BETWEEN VECTOR SPACES THAT PRESERVES VECTOR ADDITION AND SCALAR
MULTIPLICATION.

MATHEMATICAL FORMULATION oF CHANGE OF BASIS

THE FORMAL MATHEMATICAL FRAMEWORK FOR CHANGE OF BASIS INVOLVES EXPRESSING VECTORS AND LINEAR
TRANSFORMATIONS IN TERMS OF NEW BASES. SUPPOSE A VECTOR SPACE V HAS Two BASES: B = {B;, B,, ..., 8.} AND B' = {8’
8',, ..., 8".}. THE GOAL IS TO CONVERT THE COORDINATE REPRESENTATION OF ANY VECTOR V FROM BASIS B To BASIS B'.

CoOoRDINATE VECTORS AND BASIS REPRESENTATION

A VECTOR V IN V CAN BE WRITTEN AS:
V=X, B+ X, 8y F... X, B,

.
WHERE THE SCALARS X, ARE THE COORDINATES OF V IN BASIS B, FORMING THE COORDINATE VECTOR [V], = (X;, Xy, ..., X,) .

’

SIMILARLY, V CAN BE EXPRESSED IN THE NEW BASIS B As:
/ / /
v=y,B8,+Y,B,*+..+Y,B

.
WITH COORDINATES [V]y = (v,, Yy, ..., Y.) .

CHANGE oF BAsIs MATRIX

THE CHANGE OF BASIS MATRIX P FROM B’ TO B TRANSFORMS COORDINATE VECTORS FROM THE NEW BASIS BACK TO THE
ORIGINAL BASIS:

[VE=P[V]

THIS MATRIX P 1S CONSTRUCTED BY EXPRESSING EACH VECTOR OF THE NEW BASIS B’ IN TERMS OF THE OLD BASIS B, PLACING
THESE COORDINATE VECTORS AS COLUMNS IN P.

CoMPUTING THE CHANGE OF BAsIs MATRIX

CONSTRUCTING THE CHANGE OF BASIS MATRIX IS A CRITICAL STEP IN PERFORMING COORDINATE TRANSFORMATIONS. THIS
SECTION DETAILS THE METHOD FOR COMPUTING THIS MATRIX ALONG WITH EXAMPLES.

STEP-BY-STEP CONSTRUCTION

To COMPUTE THE CHANGE OF BASIS MATRIX P FROM BASIS B' TO BASIS B, FOLLOW THESE STEPS!

1. EXPRESS EACH VECTOR OF THE NEW BASIS B’ IN TERMS OF THE ORIGINAL BASIS B.

2. DETERMINE THE COORDINATES OF EACH B’ VECTOR WITH RESPECT To B.



3. FOrRM A MATRIX P WHOSE COLUMNS ARE THESE COORDINATE VECTORS.

THE RESULTING MATRIX P CONVERTS COORDINATES FROM THE B’ BASIS TO THE B BASIS.

ExAMPLE

2
CONSIDER A VECTOR SPACE R® wiTH BASIS B = {(1,0), (0, 1)} (THE STANDARD BASIS) AND ANOTHER BASIS B = {(1,1),
(1,-1)}. THE CHANGE OF BASIS MATRIX P FROM B’ TO B IS FOUND BY EXPRESSING THE VECTORS OF B’ IN TERMS OF B:

o5 =(1.1)=1%(1,0)+ 1%(0 1)

e 8, =(1,-1)=1*%(1,00 + (-1)*(0,1)

THUS, THE MATRIX P Is:
P=[[1,1][1-1]]

THIS MATRIX ALLOWS TRANSFORMATION OF COORDINATE VECTORS FROM THE B’ BASIS TO THE B BASIS.

INVERSE CHANGE OF BASIS MATRIX

-1
THE INVERSE MATRIX P~ CONVERTS COORDINATES FROM THE ORIGINAL BASIS B TO THE NEW BASIS B'. [T IS IMPORTANT TO
NOTE THAT P MUST BE INVERTIBLE, WHICH IS GUARANTEED IF BOTH B AND B’ ARE BASES (L.E., SETS OF LINEARLY INDEPENDENT
VECTORS).

APPLICATIONS OF CHANGE OF BASIS IN LINEAR ALGEBRA

CHANGE OF BASIS IS NOT MERELY A THEORETICAL TOOL, IT HAS NUMEROUS PRACTICAL APPLICATIONS ACROSS DIFFERENT AREAS
OF LINEAR ALGEBRA AND BEYOND.

DIAGONALIZATION OF MATRICES

ONE OF THE MOST IMPORTANT APPLICATIONS IS THE DIAGONALIZATION OF MATRICES. BY CHOOSING THE BASIS COMPOSED OF
EIGENVECTORS OF A MATRIX, THE MATRIX REPRESENTATION BECOMES DIAGONAL, SIMPLIFYING POWERS AND EXPONENTIALS OF
THE MATRIX.

COORDINATE TRANSFORMATIONS IN GEOMETRY

IN GEOMETRY AND COMPUTER GRAPHICS, CHANGING BASES CORRESPONDS TO CHANGING COORDINATE SYSTEMS. THIS IS USEFUL
FOR ROTATIONS, SCALING, AND OTHER TRANSFORMATIONS THAT CAN BE MORE EASILY DESCRIBED IN AN APPROPRIATE BASIS.

SOLVING LINEAR SYSTEMS

CHANGE OF BASIS CAN SIMPLIFY THE PROCESS OF SOLVING SYSTEMS OF LINEAR EQUATIONS BY TRANSFORMING THE SYSTEM INTO
A MORE MANAGEABLE FORM.



PrINCIPAL CoMPONENT ANALYSIS (PCA)

IN DATA SCIENCE AND STATISTICS, PCA USES CHANGE OF BASIS TO TRANSFORM DATA INTO A COORDINATE SYSTEM ALIGNED
WITH THE DIRECTIONS OF MAXIMUM VARIANCE, FACILITATING DIMENSIONALITY REDUCTION AND FEATURE EXTRACTION.

CHANGE OF BAsSIS AND MATRIX SIMILARITY

CHANGE OF BASIS IS CLOSELY RELATED TO THE CONCEPT OF MATRIX SIMILARITY, WHICH IS FUNDAMENTAL IN UNDERSTANDING
LINEAR TRANSFORMATIONS IN DIFFERENT COORDINATE SYSTEMS.

DEFINITION OF MATRIX SIMILARITY

Two NXN MATRICES A AND B ARE SIMILAR IF THERE EXISTS AN INVERTIBLE MATRIX P SUCH THAT:
1
B=P AP

THIS RELATION IMPLIES THAT A AND B REPRESENT THE SAME LINEAR TRANSFORMATION BUT RELATIVE TO DIFFERENT BASES.

ConnecTioN To CHANGE OF BAsis

\W/HEN CHANGING THE BASIS OF A VECTOR SPACE, THE MATRIX REPRESENTATION OF A LINEAR OPERATOR CHANGES BY SIMILARITY
TRANSFORMATION. SPECIFICALLY, IF A IS THE MATRIX OF A LINEAR TRANSFORMATION WITH RESPECT TO BASIS B, THEN THE
MATRIX WITH RESPECT TO BASIS B’ Is:

AL=P AP

WHERE P IS THE CHANGE OF BASIS MATRIX FROM B’ TO B.

IMPLICATIONS OF MATRIX SIMILARITY

MATRIX SIMILARITY PRESERVES IMPORTANT PROPERTIES SUCH AS EIGENVALUES, DETERMINANT, TRACE, AND RANK. THEREFORE,
STUDYING MATRICES UP TO SIMILARITY IS ESSENTIAL IN UNDERSTANDING THE INTRINSIC PROPERTIES OF LINEAR
TRANSFORMATIONS INDEPENDENT OF THE CHOICE OF BASIS.

FREQUENTLY AskeD QUESTIONS

\W/HAT IS A CHANGE OF BASIS IN LINEAR ALGEBRA?P

A CHANGE OF BASIS IN LINEAR ALGEBRA IS THE PROCESS OF CONVERTING THE COORDINATES OF VECTORS OR THE
REPRESENTATION OF LINEAR TRANSFORMATIONS FROM ONE BASIS TO ANOTHER BASIS IN THE SAME VECTOR SPACE.

How DO YOU REPRESENT A CHANGE OF BASIS USING MATRICES?

A CHANGE OF BASIS IS REPRESENTED BY AN INVERTIBLE MATRIX CALLED THE CHANGE OF BASIS MATRIX, WHICH TRANSFORMS
COORDINATE VECTORS FROM THE ORIGINAL BASIS TO THE NEW BASIS.

\WHAT IS THE FORMULA TO CHANGE THE COORDINATES OF A VECTOR FROM BASIS B TO
BASIs C?

IF P IS THE CHANGE OF BASIS MATRIX FROM BASIS B TO BASIS C, THEN THE COORDINATE VECTOR [v]_C =P [v]_B, WHERE



[v] B AND [v] C ARE THE COORDINATES OF VECTOR V IN BASES B AND C RESPECTIVELY.

How Do YOU FIND THE CHANGE OF BASIS MATRIX BETWEEN TWO BASES?

To FIND THE CHANGE OF BASIS MATRIX FROM BASIS B TO BASIS C/ EXPRESS EACH VECTOR OF BASIS B AS A LINEAR
COMBINATION OF VECTORS IN BASIS C. THE COEFFICIENTS FORM THE COLUMNS OF THE CHANGE OF BASIS MATRIX.

\WHAT HAPPENS TO THE MATRIX REPRESENTATION OF A LINEAR TRANSFORMATION UNDER
A CHANGE OF BASIS?

UNDER A CHANGE OF BASIS, THE MATRIX REPRESENTATION A OF A LINEAR TRANSFORMATION TRANSFORMS TO A’ = PM-11 A
P, WHERE P IS THE CHANGE OF BASIS MATRIX.

WHY IS THE CHANGE OF BASIS MATRIX ALWAYS INVERTIBLE?

BECAUSE BOTH BASES CONSIST OF LINEARLY INDEPENDENT VECTORS THAT SPAN THE SPACE, THE CHANGE OF BASIS MATRIX IS
ALWAYS INVERTIBLE, ENSURING A ONE-TO~ONE CORRESPONDENCE BETWEEN COORDINATES IN THE TWO BASES.

CAN CHANGE OF BASIS SIMPLIFY THE MATRIX OF A LINEAR OPERATOR?

YES/ BY CHOOSING AN APPROPRIATE BASIS (SUCH AS AN EIGENBASIS), THE MATRIX OF A LINEAR OPERATOR CAN BE SIMPLIFIED,
OFTEN TO A DIAGONAL ORJORDAN NORMAL FORM, FACILITATING EASIER COMPUTATIONS.

How IS THE IDENTITY MATRIX RELATED TO CHANGE OF BASIS?

THE IDENTITY MATRIX REPRESENTS THE LINEAR TRANSFORMATION WITH RESPECT TO THE SAME BASIS, WHEN CHANGING BASIS,
THE IDENTITY MATRIX TRANSFORMS INTO THE CHANGE OF BASIS MATRIX OR ITS INVERSE DEPENDING ON DIRECTION.

ADDITIONAL RESOURCES

1. LINEAR ALGEBRA AND ITS APPLICATIONS BY GILBERT STRANG

THIS BOOK PROVIDES A CLEAR AND COMPREHENSIVE INTRODUCTION TO LINEAR ALGEBRA, EMPHASIZING THE CONCEPT OF CHANGE
OF BASIS AND ITS APPLICATIONS. STRANG CAREFULLY EXPLAINS HOW DIFFERENT BASES CAN SIMPLIFY PROBLEMS AND
TRANSFORM COORDINATES. THE TEXT INCLUDES NUMEROUS EXAMPLES AND EXERCISES THAT ILLUSTRATE THE PRACTICAL USE OF
BASIS CHANGES IN VARIOUS FIELDS SUCH AS ENGINEERING AND COMPUTER SCIENCE.

2. INTRODUCTION TO LINEAR ALGEBRA BY SERGE LANG

SERGE LANG’S BOOK IS A CLASSIC INTRODUCTION THAT COVERS THE FUNDAMENTAL PRINCIPLES OF LINEAR ALGEBRA, INCLUDING
A DETAILED DISCUSSION ON CHANGE OF BASIS. |T PROVIDES RIGOROUS PROOFS AND A CLEAR EXPLANATION OF HOW CHANGING
BASES AFFECTS VECTOR SPACES AND LINEAR TRANSFORMATIONS. THE BOOK IS WELL-SUITED FOR STUDENTS WHO WANT A DEEP
UNDERSTANDING OF THE THEORETICAL ASPECTS OF LINEAR ALGEBRA.

3. LINEAR ALGEBRA DONE RIGHT BY SHELDON AXLER

AXLER’S TEXT TAKES A UNIQUE APPROACH BY FOCUSING ON VECTOR SPACES AND LINEAR MAPS WITHOUT INITIALLY RELYING ON
MATRIX REPRESENTATIONS. THE CHANGE OF BASIS IS TREATED WITH ELEGANCE, SHOWING HOW IT SIMPLIFIES THE UNDERSTANDING
OF EIGENVALUES AND EIGENVECTORS. THIS BOOK IS IDEAL FOR READERS INTERESTED IN A MORE CONCEPTUAL AND PROOF-
ORIENTED APPROACH TO LINEAR ALGEBRA.

4. MATRIX ANALYSIS AND APPLIED LINEAR ALGEBRA BY CARL D. MEYER

THIS BOOK COMBINES THEORY WITH PRACTICAL APPLICATIONS, MAKING IT A VALUABLE RESOURCE FOR UNDERSTANDING CHANGE
OF BASIS IN THE CONTEXT OF MATRICES. MEYER PROVIDES THOROUGH EXPLANATIONS OF SIMILARITY TRANSFORMATIONS AND
DIAGONALIZATION, WITH NUMEROUS EXAMPLES FROM APPLIED MATHEMATICS. THE COMPANION SOLUTIONS MANUAL HELPS
REINFORCE CONCEPTS RELATED TO BASIS CHANGES.



5. LINEAR ALGEBRA: A GEOMETRIC APPROACHBY THEODORE SHIFRIN AND MALCOLM ADAMS

THIS TEXTBOOK EMPHASIZES THE GEOMETRIC INTUITION BEHIND LINEAR ALGEBRA CONCEPTS, INCLUDING THE CHANGE OF BASIS.
THE AUTHORS ILLUSTRATE HOW CHANGING BASES CAN BE VISUALIZED AS ROTATIONS AND SCALINGS IN SPACE, HELPING READERS
GRASP THE UNDERLYING TRANSFORMATIONS. |T IS PARTICULARLY USEFUL FOR STUDENTS WHO BENEFIT FROM A VISUAL AND
CONCEPTUAL LEARNING STYLE.

6. ApPLiED LINEAR ALGEBRA BY PETER J. OLVER AND CHEHRZAD SHAKIBAN

OLVER AND SHAKIBAN’S TEXT FOCUSES ON PRACTICAL APPLICATIONS OF LINEAR ALGEBRA, HIGHLIGHTING THE ROLE OF CHANGE
OF BASIS IN SOLVING REAL-WORLD PROBLEMS. THE BOOK COVERS COMPUTATIONAL TECHNIQUES AND SOFTWARE TOOLS THAT
FACILITATE BASIS TRANSFORMATIONS. |T IS WELL-SUITED FOR STUDENTS IN ENGINEERING, COMPUTER SCIENCE, AND APPLIED
MATHEMATICS.

7. ADVANCED LINEAR ALGEBRA BY STEVEN ROMAN

THIS ADVANCED TEXTBOOK DELVES DEEPLY INTO THE THEORETICAL UNDERPINNINGS OF LINEAR ALGEBRA, INCLUDING AN
EXTENSIVE TREATMENT OF CHANGE OF BASIS AND ITS IMPLICATIONS IN MODULE THEORY AND VECTOR SPACE ISOMORPHISMS.
ROMAN’S RIGOROUS APPROACH IS IDEAL FOR GRADUATE STUDENTS OR THOSE SEEKING A THOROUGH MATHEMATICAL
FOUNDATION. THE BOOK ALSO COVERS CANONICAL FORMS AND OTHER ADVANCED TOPICS RELATED TO BASIS CHANGES.

8. LINEAR ALGEBRA AND GEOMETRY BY P. K. SUETIN, A. |. KOSTRIKIN, AND YU. |. MANIN

THIS BOOK EXPLORES THE INTERPLAY BETWEEN LINEAR ALGEBRA AND GEOMETRY, WITH A FOCUS ON HOW CHANGING BASES
AFFECTS GEOMETRIC OBJECTS AND TRANSFORMATIONS. |T PRESENTS A DETAILED EXAMINATION OF COORDINATE CHANGES AND
THEIR GEOMETRIC SIGNIFICANCE. THE TEXT IS SUITABLE FOR READERS INTERESTED IN BOTH ALGEBRAIC AND GEOMETRIC
PERSPECTIVES.

Q. NUMEerICAL LINEAR ALGEBRA BY LLOYD N. TREFETHEN AND DAVID Bau |

TREFETHEN AND BAU’S BOOK CONCENTRATES ON COMPUTATIONAL METHODS IN LINEAR ALGEBRA, INCLUDING ALGORITHMS FOR
CHANGING BASES EFFECTIVELY AND STABLY. |T ADDRESSES NUMERICAL ISSUES THAT ARISE DURING BASIS TRANSFORMATIONS AND
DIAGONALIZATION. THIS BOOK IS ESSENTIAL FOR THOSE WORKING IN SCIENTIFIC COMPUTING AND NUMERICAL ANALYSIS.
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