LIMIT AND CONTINUITY PROBLEMS WITH SOLUTION

LIMIT AND CONTINUITY PROBLEMS ARE FUNDAMENTAL CONCEPTS IN CALCULUS THAT FORM THE BEDROCK OF MATHEMATICAL
ANALYSIS AND FUNCTION BEHAVIOR. UNDERSTANDING THESE CONCEPTS IS CRUCIAL FOR STUDENTS AND PROFESSIONALS ALIKE,
AS THEY PAVE THE WAY FOR ADVANCED TOPICS IN MATHEMATICS, PHYSICS, ENGINEERING, AND OTHER FIELDS. THIS ARTICLE WILL
EXPLORE VARIOUS LIMIT AND CONTINUITY PROBLEMS, PROVIDING DETAILED EXPLANATIONS, EXAMPLES, AND SOLUTIONS TO
ENHANCE COMPREHENSION.

UNDERSTANDING LIMITS

LIMITS HELP US UNDERSTAND THE BEHAVIOR OF FUNCTIONS AS THEY APPROACH A SPECIFIC POINT. THE LIMIT OF A FUNCTION \(
F(x) \) as \( x \) approAcHES A NUMBER \( C \) IS DENOTED AS:

\[
\tim_{x \To c} r(x)

\]

THIS NOTATION INDICATES THE VALUE THAT \( F(x) \) approacHes as \( x \) GeTs ArBITRARILY cLose To \( ¢ \).

TypPes oF LIMITS

1. ONe-Sipep LiMITS:

- LerT-Hanp LiMiT: DenoTep As \(\LiM_{x \To c™-} F(x) \), THis rePReSENTS THE LIMIT AS \( X \) apProOACHES \( C \)
FROM THE LEFT.

- RigHT-HaND LimMiT: DenoTep As \( \LiM_{x \To c*+} F(x) \), THis represeNTS THE LIMIT AS \( x \) approAcHES \(C \)
FROM THE RIGHT.

2. INFINITE LIMITS!
- THESE OCCUR WHEN THE FUNCTION APPROACHES INFINITY AS \( X \) APPROACHES A CERTAIN VALUE. FoR exaMPLE, IF \( F(x)
\) BECOMES ARBITRARILY LARGE AS \( x \) approAcHES \( ¢ \), we wrITE \( \LM_{x \To c} F(x) = \ineTY \).

3. LIMITS AT INFINITY:
- THESE LIMITS ANALYZE THE BEHAVIOR OF FUNCTIONS AS \( X \) APPROACHES INFINITY OR NEGATIVE INFINITY. FOR EXAMPLE,

\C\um_{x \to \INeTY} () \).

LiMIT PROBLEM EXAMPLE

PROBLEM 1: FIND THE LIMIT:

\[
\um_{x \To 2} (3x"*2-12)
\]

SOLUTION:
1. SuesTITUTE \( x = 2 \) INTO THE FUNCTION:
\[

3(2%2)-12=3(4)-12=12-12=0
\]

2. THEREFORE, THE LIMIT IS:



\[
\um_{x\t02}(3x"*2-12)=0
\]

CONTINUITY OF FUNCTIONS

A runcTIoN \( F(x) \) I1s sAID To Be conTINuoUs AT A POINT \( ¢ \) IF THE FOLLOWING THREE CONDITIONS ARE MET:
1.\Cr(c) \) IS DEFINED.

2. \C\um_{x\To c} F(x) \) exisTs.

3 \C\um_{x \To c} r(x) =r(c) \).

IF A FUNCTION FAILS TO MEET ANY OF THESE CONDITIONS, IT IS DISCONTINUOUS AT THAT POINT.

TyYPeES oF DISCONTINUITIES

1. PoINT DisconTinuiTY: Occurs WHEN \( F(c) \) IS NOT DEFINED OR THE LIMIT DOES NOoT EQUAL \( F(c) \).
2. JuMp DISCONTINUITY: HAPPENS WHEN THE LEFT-HAND AND RIGHT-HAND LIMITS EXIST BUT ARE NOT EQUAL.
3. INFINITE DISCONTINUITY: OCCURS WHEN THE FUNCTION APPROACHES INFINITY AT SOME POINT.

CONTINUITY PROBLEM EXAMPLE

ProsLEM 2: DETERMINE IF THE FUNCTION \( F(x) = \FRAC{X"2 - 43}{x - 2} \) Is conTInuous AT \( x = 2 \).
SOLUTION:

1. FirsT, evaLuaTe \(F(2) \):

%%2) = \rrRac{2"2 - 4}{2 - 2} = \rrac{0}{0} \QuaD \TexT{(UnDEFINED)}

SiNce \( F(2) \) IS UNDEFINED, THE FUNCTION IS NOT CONTINUOUS AT \( x = 2 \).

2. TO INVESTIGATE FURTHER, FIND THE LIMIT AS \( X \) APPROACHES 2:

tl[_lM_{X \To 2} \rRAC{x"2 - 4}{x - 2}
tl[_lM_{X \To 2} \rrac{(x - 2)(x + 2)}x - 2}
\C]ANCEL \((x-2)\):

iIE_IM_{X \To2}(x+2)=4

3. SINCE THE LIMIT EXISTS BUT IS NOT EQUAL To \( F(2) \), THE FUNCTION IS DIsconTINuous AT \( x = 2 \).

ADVANCED LIMIT PROBLEMS



LET’S DELVE INTO A MORE COMPLEX LIMIT PROBLEM INVOLVING L'HP] PITAL'S RULE, WHICH IS USEFUL FOR EVALUATING LIMITS
THAT RESULT IN INDETERMINATE FORMS LIKE \( \FRAC{O}{ O3} \) or \( \rRAc{\INFTYH{\INFTY3 \).

L‘HF piTAL's RuLE ExAMPLE

PROBLEM 3: EVALUATE THE LIMIT:

\[
\uiM_{x \To 0} \rrAac{\sin x}{x}

\]
SOLUTION:
1. DIrecT susTITUTION GIVES US \( \Frac{03}{0} \), AN INDETERMINATE FORM.

2. AppLy L'HF] PITAL'S RULE:
- DIFFERENTIATE THE NUMERATOR AND DENOMINATOR:

\[

\tiMm_{x \To 0} \rrac{\cos x}{ 1}
\]

3.SuesTITUTE \(x =0 \):

\[

\rrac{\cos(0)X 1} =1

\]

4. THEREFORE, THE LIMIT IS:

\[

\LiM_{x \1o 0} \rrac{\sin x}{x} =1
\]

CoMBINING LiMITS AND CONTINUITY

UNDERSTANDING THE RELATIONSHIP BETWEEN LIMITS AND CONTINUITY CAN AID IN SOLVING MORE COMPLICATED PROBLEMS. FOR
INSTANCE, IF A FUNCTION IS CONTINUOUS OVER AN INTERVAL, IT ENSURES THAT THE LIMITS AT EVERY POINT WITHIN THAT
INTERVAL ALSO EXIST.

CoMBINED PROBLEM EXAMPLE

ProBLEM 4: DETERMINE THE CONTINUITY OF \( 6(x) = \Frrac{x"2 - 1}H{x - 13 \) AT \(x =1 \) AND FIND THE LIMIT.
SOLUTION:

1. EvaruaTe \(6(1) \):

\[

(1) =\rrAc{172 - 13{1 - 1} = \rrac{03}{0} \Quab \TexT{(UNDEFINED) }
\]

2. FIND THE LIMIT As \( x \) APPROACHES 1:
t[um_{x \To 1} \rrAc{x"2 - 1}{x - 1}
tl[_lm_{x \To 1} \rrac{(x - D(x + D}{x - 1}



\]
Cancet \((x- 1) \):

\[
\uM_{x\To 13 (x+1)=2
\]

3. ALTHOUGH THE LIMIT ExISTS, \( G(1) \) IS UNDEFINED, INDICATING A POINT DISCONTINUITY AT \( x = 1 \).

CoNcCLUSION

IN SUMMARY, LIMIT AND CONTINUITY PROBLEMS ARE ESSENTIAL IN UNDERSTANDING THE BEHAVIOR OF FUNCTIONS. BY MASTERING
THE CONCEPTS OF LIMITS, ONE CAN ANALYZE FUNCTION BEHAVIOR AT SPECIFIC POINTS, WHILE UNDERSTANDING CONTINUITY
HELPS IDENTIFY WHERE FUNCTIONS ARE WELL-DEFINED. THE EXAMPLES PROVIDED ILLUSTRATE VARIOUS TECHNIQUES TO TACKLE
THESE PROBLEMS, FROM BASIC EVALUATIONS TO APPLYING LIH PITAL'S RULE. MASTERY IN THESE AREAS IS CRUCIAL FOR
SUCCESS IN CALCULUS AND HIGHER-LEVEL MATHEMATICS.

FREQUENTLY ASkeD QUESTIONS

\WHAT IS THE DEFINITION OF CONTINUITY AT A POINT?

A FUNCTION F(X) IS CONTINUOUS AT A POINT C IF THE FOLLOWING THREE CONDITIONS ARE MET: 1) F(C) IS DEFINED, 2) THE
LIMIT OF F(X) AS X APPROACHES C EXISTS, AND 3) THE LIMIT OF F(X) AS X APPROACHES C EQUALS F(C).

How po You EVALUATE THE LIMIT ofF F(x) = (2x*2 - 8)/(x - 4) AS X APPROACHES
4°

FIRST, SUBSTITUTE X = 4 INTO THE FUNCTION: F(4) = (2(4"2) - 8)/(4 - 4) = 0/0, WHICH IS INDETERMINATE. TO RESOLVE
THIS, FACTOR THE NUMERATOR: F(x) = 2(x"2 - 4)/(x - 4) = 2(x + 4)(x - 4)/(x - 4). CanceL (x - 4): F(x) = 2(x + 4).
NoWw, TAKE THE LIMIT AS X APPROACHES 4: LIMIT AS X -> 4 oF 2(x + 4) = 2(8) = 16.

\WHAT IS THE SIGNIFICANCE OF THE EPSILON-DELTA DEFINITION IN LIMITS?

THE EPSILON-DELTA DEFINITION IS A FORMAL WAY TO DEFINE THE LIMIT OF A FUNCTION. |T STATES THAT FOR EVERY E > O,
THERE EXISTS A A > O SUCH THAT IF X - ¢| < A, THEN [F(x) - L| < E. THIS MEANS THAT AS X GETS ARBITRARILY CLOSE TO C,
F(X) GETS ARBITRARILY CLOSE TO L.

CAN YOU PROVIDE AN EXAMPLE OF A FUNCTION THAT IS CONTINUOUS EVERYWHERE BUT
NOT DIFFERENTIABLE AT ONE POINT?

YES, THE ABSOLUTE VALUE FUNCTION F(X) = |X| IS CONTINUOUS EVERYWHERE BUT NOT DIFFERENTIABLE AT X = 0. AT THIS
POINT, THE LEFT-HAND DERIVATIVE IS -1 AND THE RIGHT-HAND DERIVATIVE IS ], INDICATING A CUSP.

How DO YOU DETERMINE IF THE LIMIT OF A PIECEWISE FUNCTION EXISTS AT THE
BOUNDARY POINT?
TO DETERMINE IF THE LIMIT OF A PIECEWISE FUNCTION EXISTS AT A BOUNDARY POINT C, EVALUATE THE LEFT-HAND LIMIT (AS X

APPROACHES C FROM THE LEFT) AND THE RIGHT-HAND LIMIT (AS X APPROACHES C FROM THE RIGHT). IF BOTH LIMITS EXIST AND
ARE EQUAL, THEN THE LIMIT AT THAT POINT EXISTS.
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